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Abstract We provide compelling support for the key role
played by polaron formation to the physics of cuprate super-
conductors, which is evidenced above the pseudogap tem-
perature T ∗, is the origin of the pseudogap phase itself and
persists in the superconducting phase. Experimental and the-
oretical results are compared and show convincing agree-
ment with each other.
Keywords High temperature superconductivity · Lattice
effects · Polaron formation
1 Introduction
Early and more recent isotope effect experiments on the su-
perconducting transition temperature Tc in high-temperature
superconducting cuprates (HTS) have shown that the iso-
tope effect is strongly doping dependent in these systems
and especially strongly enhanced as compared to the BCS
value at the borderline to the antiferromagnetic state [1–4].
Even though these observations do not necessarily support
phonon mediated superconductivity in the classical sense,
further isotope effects on other quantities suggest that lat-
tice involvement is essential to the physics of HTS. These
are: isotope effects on T ∗ [5, 6], the penetration depth λ [2],
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the spin glass temperature TSG, the antiferromagnetic tran-
sition temperature TN [7], the average superconducting en-
ergy gap  [8], with all of them being interrelated and
strongly doping dependent in analogy to the one of Tc . In
addition, local lattice anomalies are present which drive the
system into a dynamically inhomogeneous state emerging
from charge-rich and charge-poor, but spin-rich, regions [9–
12]. Furthermore, there is unambiguous evidence that the
superconducting gap symmetry is much more complex than
simple d-wave type, but consists of an (s + d)-wave admix-
ture which differs between the crystallographic directions
a, b, and c [13–15].
Here we demonstrate that these unconventional proper-
ties can be consistently described by a multicomponent ap-
proach with strong polaron coupling, thus demonstrating
that the original concept which led to the discovery of high-
temperature superconductivity is indeed realized [16, 17].
In the following we first present the theoretical background
and the results from our model. Then, we compare these to
experimental data to be followed by conclusions.
2 Theoretical Modeling
Even though the physics of the HTS are rather complex we
start from a simple Hamiltonian which captures the essential
features and accounts for the interactions between charge







































Here c+, c are site i dependent electron creation and an-
nihilation operators with energies ε, and b+, b are phonon
creation and annihilation operators with momentum q and
branch j dependent bare phonon energy ω(0)q,j . The coupling
between electron and lattice degrees of freedom is given
by γ and γ˜ , respectively, where the former is the diagonal
coupling and the latter the off-diagonal coupling, which we
take as a fraction of the diagonal one. The Hamiltonian (1)
can have a variety of consequences: (a) lattice instability;
(b) charge density wave formation; (c) BCS type supercon-
ductivity; and (d) polaron formation. Since (a), (b), and (c)
can be excluded experimentally, we concentrate in the fol-
lowing on (d). In order to decouple charge and lattice de-
grees of freedom, the Lang–Firsov canonical transformation
[21] is applied, which is explicitly given by H˜ = e−SHeS ,
with S = ∑i,q c+i ci(b+q − bq)γi(q). From this transforma-
tion exact relations for phonon and electron creation and an-
nihilation operators are obtained:






























First, we consider the consequences arising from (2a), from
which we conclude that the electronic energy bands experi-
ence a substantial renormalization [18, 19, 22]. By using the
LDA-derived band structure for the cuprates [23], i.e.,
ε(k) = −2t1(coskxa + coskyb) + 4t2 coskxa coskyb
+ 2t3(cos 2kxa + cos 2kyb)
∓ t4(coskxa − coskyb)2/4 − μ, (3)
with t1, t2, t3 being nearest, second-nearest and third-nearest
neighbor hopping integrals in the CuO2 planes, t4 is the in-
terlayer hopping between the CuO2 planes, and μ is the
chemical potential which controls the band filling, the ap-
plication of (2a) modifies (3) to
ε˜(k) = −2t1(coskxa + coskyb) + 4t˜2 coskxa coskyb
+ 2t3(cos 2kxa + cos 2kyb)
∓ t˜4(coskxa − coskyb)2/4 − μ −  ∗ (k). (4)
Beside the rigid band shift ∗, only two hopping integrals,
namely the second-nearest neighbor and the interlayer hop-
ping, are affected and are explicitly given by









Consequently, a reduction of the kinetic energy along the c-
axis and along the diagonal in the CuO2 planes arises. In
addition, both hopping elements experience an isotope ef-
fect since γ is isotope dependent. We have excluded the
renormalizations of t1 and t3, since the isotope effect aris-
ing from t1 has the wrong doping dependence, whereas the
third-nearest neighbor hopping does not contribute to it at all
[18, 22]. From the role played by t2 and t4 we conclude that
a Jahn–Teller Q2-type lattice displacement together with a c-
axis mode is relevant for understanding the isotope effects,
which will be shown subsequently in the experimental de-
tails. Another important aspect to be mentioned is the rigid
band shift ∗. This gives rise to density–density interband
interactions which support two-band superconductivity [18,
22, 24, 25]. The renormalization of the lattice degrees of
freedom through the transformation leads to a rigid har-
monic oscillator shift such that the pure lattice Hamiltonian











where the transformed frequencies are given by









As is obvious from (7), a local lattice instability takes place
if ω˜2q,j → 0. This is induced through the temperature de-
pendence of the charge bath. It has to be noted, however,
that we are not dealing with a long wave-length instability
where momentum is relevant but with a local one, i.e., q be-
ing finite, where real space comes into play. The transition
to a modulated dynamic structure, which we identify with














Since both ω(0)q,j and γ carry an isotope effect, T ∗ becomes
isotope dependent as well. This isotope effect is exten-
sive and sign reversed as compared to the one on Tc, and
is in agreement with experimental data [5, 6]. Besides of
the above mentioned superstructure formation, an impor-
tant consequence of our approach appears in the local mean
square displacement which is derived from (7) like:
σ 2(T ) = /(Mω˜q,j ) coth(ω˜q,j /2kT ). (9)
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Fig. 1 Temperature
dependence of the mean square
displacement for an s-wave
superconductor (filled circles)
and a d-wave superconductor
(open squares). The inset shows
the experimental data from
Ref. [27] (after Ref. [20])
Since here the renormalized mode enters, an unusual up-
turn in σ 2(T ) appears at T ∗ caused by the mode soften-
ing. In addition, superconductivity affects strongly the mean
square displacement since at the onset of superconductivity
ε˜(k) has to be replaced by E(k) =
√
ε˜2(k) + 20(k), with
0 being the superconducting energy gap, where the super-
conducting gap symmetry can be either s-wave, d-wave or
(s + d)-wave. The results for σ 2(T ) are shown in Fig. 1
where the pairing symmetry in one case is of s-wave sym-
metry (filled circles) whereas in the other case it is of d-wave
symmetry (open squares). Intermediate mixed pairing sym-
metries will be discussed in a forthcoming paper [26].
From Fig. 1 it is obvious that a sharp upturn in σ 2(T ) sets
in at the onset of the pseudogap phase. Below T ∗, fast dy-
namics dominate which reduce σ 2(T ) substantially. At Tc, a
very different behavior is observed for the two pairing sym-
metries considered: while for d-wave pairing no anomaly in
σ 2(T ) is apparent at Tc , the s-wave symmetry case exhibits
a substantial influence on it signaled by a peak in the mean
square displacement [20].
This finding is in agreement with experimental data
which are shown as inset to Fig. 1 [27]. We conclude from
the comparison between experiment and theory that EXAFS
is an excellent tool to determine the pairing symmetry in po-
laronic superconductors.
While the role of polarons for the electronic energies has
been discussed in a variety of early and recent work [28, 29],
the consequences for the lattice degrees of freedom have so
far not been considered in detail. Our approach thus provides
a complementary view of both lattice and charge renormal-
izations caused by polaron formation. In a recent review,
early developments in this field have been summarized [30]
and updated recently in Ref. [31].
3 Experimental Results
In the following, the experimental results are presented
which support the above theoretical modeling.
3.1 Isotope Effects
The oxygen-isotope (16O/18O) effect (OIE) on Tc in the
HTS was studied in detail already shortly after the dis-
covery of high-temperature superconductivity [1]. The OIE
on Tc can be well described by the OIE exponent αO =
−d lnTc/d lnMO, where MO denotes the oxygen ion mass.
It was found that for all cuprate HTS families the OIE ex-
ponent αO shows a generic trend: In the underdoped regime,
αO is large (even exceeding the BCS value of αO = 0.5) and
becomes vanishingly small close to optimal doping [1–4].
An example of this generic behavior of αO as a function of
Tc, together with theoretical calculations using an extended
version of the above model, is shown in Fig. 2. Note that—as
outlined above—the theoretical data (solid line) have been
obtained by renormalizing t2 and t4, whereas the renormal-
ization of t1 (dashed line) yields the wrong doping depen-
dence of αO. In addition to this study, also site-selective
OIE investigations of Y1 − xPrxBa2Cu3O7−δ have been per-
formed, thereby clearly revealing that the planar oxygen
atoms contribute dominantly to the total OIE on Tc at all
doping levels, whereas the contribution of chain and apical
oxygen ions is only negligible [32–34]. However, these find-
ings do not imply that chain and apical oxygen ions are irrel-
evant to superconductivity, since their small density of states
as compared to the one of the planar oxygen ions leads to a
small or even vanishing contribution to the total OIE [35].
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Fig. 2 The oxygen isotope exponent αO as a function of Tc/T mc for
various cuprate families (T mc denotes the maximum Tc for a partic-
ular family). The dashed line refers to the calculated αO when only
the nearest neighbor hopping integral (t1) is renormalized; the solid
line is theoretically derived where both second-nearest neighbor and
interplanar hopping integrals (t2, t4) are renormalized. Black circles,
black squares, and black triangles represent experimental data (after
Refs. [18, 22])
The OIE on the transition temperatures of the vari-
ous phases observed in all cuprate HTS [superconducting
(SC), spin-glass (SG), and antiferromagnetic (AFM)] were
investigated for the prototype system of cuprates Y1 − x
PrxBa2Cu3O7 (see Fig. 3) [7]. All transition temperatures
Tc, TN , and Tg exhibit an OIE which is strongest where
the respective phase terminates. In addition, the OIE on the
magnetic transition temperatures Tg (SG) and TN (AFM) are
sign reversed as compared to the ones on Tc . In the coexis-
tence regime of the SG and SC phase, a two-component be-
havior is observed, where the isotope-induced decrease of Tc
in the SC region leads to a corresponding increase of Tg in
the SG region. This observation suggests that in this regime
a phase separation sets in, where the superfluid density co-
exists with a related SG regime. Since the OIE on Tc can be
accounted for by polaron formation [18, 22, 36], the one on
Tg is very likely dominated by the same physics. By relating
TN to the metal insulator transition, a reduction in kinetic
energy caused by polaron formation explains this unconven-
tional OIE as well. Further support for the importance of
lattice effects and in particular for the polaron model dis-
cussed above is due to the observation of the extensive OIE
on the pseudogap temperature T ∗. XANES experiments in
La2 − xSrxCuO4 [5], as well as inelastic neutron scattering
studies of HoBa2Cu4O8 and La1.81Sr0.18Ho0.04CuO4 [6],
revealed an extremely large and sign-reversed OIE on T ∗.
Furthermore, from the neutron scattering experiments, even
a larger 63Cu/65Cu isotope effect on T ∗ was observed in
HoBa2Cu4O8, which is absent in La1.81Sr0.18Ho0.04CuO4
[6].
This suggests that an umbrella-type mode is responsible
for the formation of the pseudogap in HoBa2Cu4O8, which
Fig. 3 OIE exponents αO of Tc , Tg , and TN for 16O/18O-substituted
Y1 − xPrxBa2Cu3O7 as a function of the Pr content y = 1 − x. The
dashed line corresponds to the BCS value αBCSO = 0.5. The solid lines
are guides to the eye. The meaning of the areas denoted by AFM, SG,
SG + SC, and SC is explained in the text (after Ref. [7])
is absent in La1.81Sr0.18Ho0.04CuO4 having no apical oxy-
gen. These extensive isotope effects may be explained in
terms of dynamical charge ordering. Evidently, the polaron
picture discussed above implies that also ordering in the spin
system occurs at T ∗ as observed in YBa2Cu4O8 by means
of NQR [37]. This is consistent with the almost vanishing
OIE on T ∗ (comparable to the OIE on Tc) detected by NQR
since NQR is mainly sensitive to the spin system [37].
An unexpected OIE on the zero-temperature in-plane
magnetic penetration depth λab(0) was observed in sev-
eral families of HTS [2, 38–40], which is not expected for
conventional superconductors where the electronic and vi-
bronic degrees of freedom are decoupled due to the exten-
sive mass difference between ions and electrons (Migdal
theorem) [41]. A breakdown of this theorem may, however,
occur if the carriers are strongly coupled to the lattice as in
the case of polarons. This implies that the effective carrier
mass m∗ can no longer be decoupled from the ionic mass M ,
giving rise to an isotope effect on the magnetic penetration
depth. Detailed OIE studies of λab(0) were performed for
various families of HTS at different doping levels by means
of various experimental techniques [2, 38–40]. The unex-
pected interesting result is that the OIE on λab(0) exhibits
almost the same generic trend with doping as the one on Tc
(see Fig. 4). At low doping levels, a linear correlation be-
tween both OIEs is found. However, near optimal doping,
a deviation from this linear behavior sets in. While the lin-
ear correlation at low doping is well explained by the po-
laron model [18, 22, 36] described above (straight line in
Fig. 3), this model cannot account for the deviations near the
optimal doping. This is most likely due to the fact that the
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Fig. 4 Plot of the OIE shift λab(0)/λab(0) vs. the OIE shift
|Tc/Tc| for La2 − xSrxCuO4 and PrxY1 − xBa2Cu3O7−δ using differ-
ent experimental techniques and types of samples. The data are sum-
marized in Table 2 of Ref. [2]. The solid line corresponds to model
calculations of the OIE on λab(0)/λab(0) obtained from the theoret-
ical results for the average gap [18, 22, 36]. Note that a negative OIE
on the average gap is predicted at optimal doping and for overdoped
systems [18] (after Refs. [18, 22, 36])
polaron coupling is doping dependent, which has not been
taken into account yet.
Furthermore, this polaron model [18, 22, 36], also
predicts a doping-dependent isotope effect on the zero-
temperature superconducting gap 0 which was recently
observed experimentally [8]. In conventional superconduc-
tors the isotope effect on 0 is simply determined through
the isotope effect on Tc via the relation 20/kBTc ≈ 3.52.
However, in the HTS this relation does not necessarily
hold, because Tc strongly depends on doping. Moreover,
the cuprate HTS have a complex superconducting order pa-
rameter where (s + d)-wave symmetries are mixed as will
be shown below. A systematic study of the OIE on 0 in
Y1 − xPrxBa2Cu3O7−δ for various doping levels x was per-
formed by means of SQUID magnetization experiments [8].
The values of 0 extracted from the temperature depen-
dence of the superfluid density are proportional to Tc with
20/kBTc ≈ 5.74. This ratio, which was predicted theo-
retically [18, 22, 36], is substantially larger than the BCS
value. In addition, the OIE on 0 scales linearly with the
one on Tc , exhibiting a sign reversal of the OIE on 0 and
Tc near optimal doping in agreement with model predictions
[18, 22, 36].
The various OIE reported here clearly demonstrate that
lattice effects play an important role in all phases of the HTS
and support the idea that polaron formation is the cause of
all these isotope effects.
3.2 Mixed Order Parameter Symmetries
The order parameter in cuprate HTS is mostly assumed to
be of d-wave symmetry due to the presence of the CuO2
planes which are essential for the occurrence of supercon-
ductivity in the HTS. Even though either static or dynamic
distortion of the CuO2 planes destroys the cubic symme-
try of the planes, most theoretical models ignore the ob-
served orthorhombicity and idealize the planar structure.
Already more than ten years ago, however, it was empha-
sized that the cuprate HTS must have a more complex or-
der parameter (d + s, d + is, etc.) [42, 43]. This idea was in
part pursued because two gaps have been observed in Nb-
doped SrTiO3 [44], the first oxide in which superconduc-
tivity was detected. Indeed, from various experiments it has
been concluded that a complex order parameter is realized
in the cuprate HTS, including nuclear magnetic resonance
(NMR) [42], Raman scattering [45, 46], and neutron crystal-
field spectroscopy [47].
In order to probe the order parameter symmetry, bulk sen-
sitive experiments on single crystals are required. Muon-
spin rotation (µSR) was demonstrated to be a unique tool
to investigate the superfluid density in the bulk of a super-
conductor. Recently, µSR was used to determine the tem-
perature dependence of the superfluid density along the
three crystallographic axes in single crystals of the cuprate
HTS, from which information on the gap symmetry can
be extracted [13–15]. The experiments were carried out
on three different families of the cuprate HTS, namely
La2 − xSrxCuO4, YBa2Cu4O8, and YBa2Cu3O7−δ . In all
three systems a pronounced inflection point in the in-plane
superfluid density was observed at low temperatures (the
results for YBa2Cu4O8 and YBa2Cu3O7−δ are shown in
Fig. 5), which evidences the coexistence of a small and a
large gap. From the magnetic field dependence of the su-
perfluid density it is concluded [49] that in the CuO2 planes
a small s-wave gap coexists with a dominant d-wave gap.
However, as is shown in Fig. 5, the temperature depen-
dence of the superfluid density along the c-axis differs con-
siderably from those along a and b directions. It shows
no inflection point here and saturates at low temperatures
(compare σa and σb with σc in Fig. 5). This is charac-
teristic for a pure s-wave gap. From a theoretical point of
view, a mixed order parameter scenario requires [18, 22, 48]
that also a small d-wave admixture is present. However,
the d-wave component appears to be too small to be ob-
served experimentally [14, 15]. A similar admixture of a
20–25% s-wave component to the d-wave gap symmetry
was also observed for HoBa2Cu3O6.56, HoBa2Cu4O8, and
La1.81Sr0.15Ho0.04CuO4 by means of inelastic neutron scat-
tering [47]. Furthermore, it should be pointed out that also
c-axis tunnelling in YBa2Cu3O7−δ [49] and bicrystal-twist
Josephson junction experiments in Bi2Sr2CaCu2O8+δ [50]
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Fig. 5 a) Temperature
dependences of the µSR
relaxation rate σa ∝ λ−2a ,
σb ∝ λ−2b , and σc ∝ λ−2c in
single crystals of YBa2Cu4O8
measured along the three
principal crystallographic axes
a, b, c. The full lines are
obtained as outlined in
Refs. [13–15, 48] (after
Ref. [15]). b) Temperature
dependence of the µSR
relaxation rate
σa ∝ λ−2a , σb ∝ λ−2b , and
σc ∝ λ−2c in single crystals of
YBa2Cu3O7−δ measured along
the three principal
crystallographic axes a, b, c.
The lines are results from model
calculations as discussed in
Refs. [13–15, 48] (after
Ref. [14])
provide evidence for a dominant s-wave order parameter
along the c-axis direction, in agreement with indirect optical
pulsed probe experiments in YBa2Cu3O7−δ [51].
The peculiar behavior of the temperature dependence of
the superfluid density observed in all three cuprate systems
investigated, strongly suggests that the observed mixed or-
der parameter symmetries are intrinsic and generic to all the
cuprate HTS. In particular, the finding that the gap along
the c-axis has a predominant s-wave character demonstrates
the importance of the coupling between the CuO2 planes, an
experimental fact which in most theoretical models is com-
pletely neglected.
4 Conclusions
We have presented compelling theoretical and experimental
evidence that lattice involvement in all phases of the HTS
is present in terms of polaron formation. These polarons are
of intermediate size and local, which means that a dynam-
ical structuring of superlattice type takes place where two
components are formed. These components are the cause of
coexisting complex order parameters, namely s + d, with
a predominantly s-wave symmetry along the c-axis. The
observed isotope effects are a natural consequence of the
modeling. They point to the important role of a Q2-type
Jahn–Teller mode. The subtle local lattice effects emerge in
real space pairing with short coherence lengths, in strong
contrast to BCS phonon-induced pairing where long wave-
length phonons are the mediator and long coherence lengths
the consequence.
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